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ABSTRACT
Protoplanetary disks, debris disks, and disrupted or evaporating planets can all feed
accretion onto stars. The photospheric abundances of such stars may then reveal the
composition of the accreted material. This is especially likely in B to mid-F type
stars, which have radiative envelopes and hence less bulk–photosphere mixing. We
present a theoretical framework (CAM) considering diffusion, rotation, and other stellar
mixing mechanisms, to describe how the accreted material interacts with the bulk
of the star. This allows the abundance pattern of the circumstellar material to be
calculated from measured stellar abundances and parameters (vrot, Teff). We discuss
the λBoo¨ phenomenon and the application of CAM on stars hosting protoplanetary
disks (HD 100546, HD 163296), debris disks (HD 141569, HD 21997), and evaporating
planets (HD 195689/KELT-9).
Key words: planets and satellites: composition - protoplanetary discs - stars: abun-
dances - stars: atmospheres - stars: chemically peculiar - stars: circumstellar matter
1 INTRODUCTION
Accretion onto a star can originate in a protoplanetary or
debris disk, in a disrupted or evaporating planet or compan-
ion, in the interstellar medium, or from material shed earlier
by the star itself. The elemental composition of circumstel-
lar material is of great interest but is hard to investigate,
in particular for solids, elements of low absolute abundance,
or elements whose major carrier species do not have easily
observable energy transitions.
We present the Contamination by Accretion Method
(CAM) – physical equations which allow the photospheric
composition of an accreting early-type star to be translated
to the composition of circumstellar material. This includes a
quantitative comparison of the main mixing mechanisms, in-
cluding rotational, shear, thermohaline, and convective mix-
ing as well as molecular diffusion. We neglect gravitational
settling because this is important primarily for white dwarf
systems which we do not consider here (Paquette et al. 1986;
Koester 2009). The key observable is the stellar photospheric
composition, (X/H)obs. This is a mixture of the stellar bulk
composition, which we assume is a known reference value
such as solar (Asplund et al. 2009), and the accreted ma-
terial. The accretion can originate in a circumstellar disk,
an outflowing planetary atmosphere, or indeed an entire dis-
rupted planet. These scenarios typically yield accretion rates
? E-mail: adamjermyn@gmail.com
from 10−14 to 10−7 M yr−1, and may have abundance pat-
terns very different from, or identical to, the bulk of the
star. Measuring the composition of the accreted mass frac-
tion provides a new view on planet-forming and planetary
material, complementary to observations explicitly targeting
the circumstellar component.
For a given stellar mass, rotation rate, and mass accre-
tion rate, we show how to calculate the mass fraction, fph,
of freshly accreted, as opposed to stellar bulk, material in
the photosphere. We then derive the composition of the re-
cently accreted materials from this mass fraction. We discuss
how to apply CAM to stars hosting protoplanetary and debris
disks, and evaporating planets. The method works best on
stars with masses of at least 1.4 M because they have radia-
tive envelopes, as shown in Fig. 1, such that accreted mate-
rial is mixed down via slow non-convective processes (Char-
bonneau 1991; Charbonneau & Michaud 1991; Turcotte &
Charbonneau 1993; Turcotte 2002a). For extremely high ac-
cretion rates, our method is also applicable to lower-mass
stars where convection rapidly mixes accreted material with
the bulk.
For the following, we define refractory elements as those
having a condensation temperature Tc > 300 K, constituting
inter- and circumstellar dust, and volatiles as those having
Tc < 300 K, constituting ices and gases such as H2O and CO.
Furthermore, we recall that both for the Galactic interstellar
medium as well as for a solar-composition mixture cooled
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2to a few hundred kelvin, the mass ratio of gas to dust is
∆g/d = 100 (e.g. Snow & Witt 1996).
The quintessential example of accretion-contaminated
early-type stars are the λBoo¨tis objects. This subset of mid–
F to B–type stars, roughly 2% (Gray & Corbally 1998), have
photospheres depleted in refractory elements by a factor of
up to a few hundred. In practice, the λBoo¨ occurrence rate
is not known for spectral types earlier than B8 due to a lack
of metal lines. Other types of chemically peculiar early-type
stars, such as Ap and Am, can be produced by mechanisms
intrinsic to the star (Michaud 1970) and do not show a cor-
relation of abundances with condensation temperature. The
λBoo¨ anomaly is thought to require the preferential accre-
tion of gas over dust – i.e. volatile elements over refracto-
ries (Venn & Lambert 1990). Many such stars, with a varying
level of depletion, may be explained by one protoplanetary
disk mechanism which excludes dust from the inner disk
before it gets close enough to sublimate and accrete (Kama
et al. 2015). Many if not all λBoo¨ stars are, then, lighthouses
of ongoing, recent, or extensive accretion of material with a
gas-to-dust ratio different from the canonical ∆g/d = 100.
While λBoo¨ stars are of interest to us, we henceforth
consider more generally any early–type star accreting from
a circumstellar material reservoir, including protoplanetary
and debris disk hosts as well as stars with evaporating or
disrupted planets. Given a stellar bulk metallicity (i.e. the
elemental composition of the protostellar cloud from which
the star originates), mass, age, and rotation rate, it is pos-
sible to constrain a combination of the mass accretion rate
and composition of accreting material. The accretion rate
can often be estimated from observations or predicted with
models, which further constrains the composition. In this
work, we present a theoretical framework for analysing ac-
cretion contamination and discuss specific cases which can
be investigated with standard spectroscopic observations.
2 THEORY OVERVIEW
The picture we consider in this work is one of a star accret-
ing material at a steady rate ÛM from a circumstellar disc.
If their compositions are different, the accreting material
modifies the composition of the star as it accumulates. If
the composition of the accreting material is constant during
a given time period, then to describe the radial composition
profile as a function of time it suffices to track the fraction
f of material at each point in the star which comes from
accretion.
To make this task more straightforward we assume that
the composition of the star is uniform along surfaces of con-
stant column density Σ1. This is equivalent to assuming that
material which is accreted spreads out uniformly around the
star in the angular direction on a timescale which is small
compared to the vertical mixing time2. The reason to prefer
1 These surfaces coincide with isobars in the case where the grav-
itational acceleration is uniform.
2 This is not precisely true, but it should suffice for the level
of precision available in both theory and observations. This is
the case for two reasons. First, the mixing time increases rapidly
with depth, so in most of the star it is the case that the vertical
mixing time is long compared with the horizontal one. Secondly,
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Radiative outside
Figure 1. The internal structure of low-mass (M < 0.4M),
intermediate-mass (0.4M < M < 1.4M) and high-mass (M >
1.4M) stars are shown schematically with a focus on their mix-
ing properties. Low-mass stars are fully convective, intermediate-
mass ones like the Sun develop an outer convective layer, and
high-mass ones lose this layer.
column density over other measures is that it is a Lagrangian
coordinate and so naturally incorporates the boundary con-
ditions set by accretion.
The quantity we are after then is f (Σ, t), where t is the
time since the accretion began. As a further simplification
we define r(Σ) to be the mean radius associated with the
corresponding surface of constant Σ. This allows us to work
interchangeably with r and Σ without needing to impose
spherical symmetry, which would disallow several mixing
processes considered in Section 3. The model setup is vi-
sualized in Fig. 2.
With these assumptions, the accreted material diffuses
through the star according to
D f
Dt
= − 1
ρ
∂F
∂z
, (1)
where ρ is the density and
z ≡ R − r, (2)
the observable quantities of interest are, to leading order, linear
in the amount of accreted material, and so if there is an angular
distribution what is observed is an average over the star, which
is precisely what this assumption provides.
MNRAS 000, 1–19 (2018)
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Figure 2. Illustration of the accretion contamination model. The
radial coordinate z runs inside-out, opposite to r and the surface
density Σ. The radial profile of f , the local fraction of accreted
material, is given by Eq. 19.
where R is the surface radius of the star. Here
F = ρD
∂ f
∂z
(3)
is the flux of accreted material and D is the spatially-varying
diffusivity due to a variety of processes, including micro-
scopic diffusivity, rotational mixing, convection and ther-
mohaline mixing. After some manipulations3, equation (3)
becomes
∂ f
∂t
− ÛΣ F
ρ2D
= − ∂F
∂Σ
, (4)
where ρ is the density and ÛΣ ≡ ∂Σ/∂t |z is the column density
accretion rate, given in terms of the mass accretion rate by
ÛΣ =
ÛM
4piR2
. (5)
As noted by Charbonneau (1991), a full treatment of
this system requires solving an unwieldy initial value prob-
lem. In the case where the accreting material makes up
a small fraction of the star the geometry is particularly
straightforward; there is a single source on at the stellar
surface and its interior is limitless for the purposes of the
accretion – even in heavily accreting protoplanetary disks,
M?/ ÛMacc ∼ 107 years. It is possible then to approximate the
mixing as the above authors and later Turcotte (2002b) did
by a one-zone model, in which one tracks material entering
and leaving a specific region of interest. As we will find, how-
ever, the diffusivity and density change quite rapidly with
depth and so this is not sufficient for our purposes. Rather
we will retain the spatial degree of freedom and make a
somewhat less restrictive set of assumptions.
We begin by treating the system as being in instanta-
neous equilibrium so that
∂ f
∂t

 ÛΣ Fρ2D
 ,  ∂F∂Σ  . (6)
This is motivated by the fact that in many cases the domi-
nant effect of equation (4) is to transport material without
3 See Appendix A.
changing f locally. This is obviously only an approximation
but as we shall show in Appendix C, it holds quite well in the
systems of interest. With this approximation, equation (4)
becomes
ÛΣ F
ρ2D
=
∂F
∂Σ
, (7)
which is solved by
F = A ÛΣeα ÛΣ, (8)
where A is a constant of integration,
α(Σref, Σ) ≡
∫ Σ
Σref
dΣ′
ρ2D
(9)
and Σref is an arbitrary reference depth. Note that we assume
that the thermal and pressure structure of the system is
decoupled from the mixing fraction, such that this is time-
independent. Inserting this into equation (3) gives
∂ f
∂Σ
= − A
ÛΣ
ρ2D
eα ÛΣ = −A ÛΣ dα
dΣ
eα ÛΣ . (10)
Integrating yields∫ Σ
0
dα
dΣ
eα ÛΣdΣ = 1ÛΣ
[
eα(Σref,Σ) ÛΣ − eα(Σref,0) ÛΣ
]
(11)
and hence
f (Σ) = f (0) − A
[
eα(Σ) ÛΣ − eα(0) ÛΣ
]
, (12)
where we have dropped the reference column density argu-
ment for clarity. The material at Σ = 0 is what was just
accreted, so f (0) = 1, hence
f (Σ) = 1 − A
[
eα(Σ) ÛΣ − eα(0) ÛΣ
]
. (13)
Equation (13) hides a complication, namely that there
is nothing preventing f from becoming negative at some Σ.
Indeed the integrand is monotonically increasing and F0 is
positive by definition, so this is a distinct possibility. To pre-
vent this the integration must halt at the depth Σ0 at which
f (Σ0) = 0, for here the instantaneous equilibrium approxima-
tion is clearly incorrect. This depth parametrises the extent
to which material has mixed into the star. For Σ > Σ0 we let
f (Σ) ≈ 0, as the solution must be monotonic in depth and
yet cannot become negative.
The cutoff depth may be used to eliminate A. With this,
equation (13) becomes
f (Σ) = 1 − e
α(Σ) − eα(0)
eα(Σ0) − eα(0) . (14)
This defines a family of solutions, one for each possible value
of Σ0. We can relate these solutions to the time evolution by
means of mass conservation. Let the total accreted column
density be
Σacc ≈
∫ t
0
ÛMacc
4pir2
dt, (15)
where this is approximate because we have neglected the
variation in r with depth. This column density must equal
the integrated column density of accreted material, so
Σacc =
∫ t
0
ÛΣdt ≈
∫ Σ0
0
f (Σ)dΣ. (16)
MNRAS 000, 1–19 (2018)
4This defines Σacc as a function of Σ0. Because this is a mono-
tonic relation it may be inverted to define Σ0 as a function
of Σacc and to thereby define f as a function of time.
To invert this relationship there are two cases we must
consider: either dα/dΣ asymptotes to zero as Σ → ∞ or it
does not. In the former case we find that
t ≈ h
2
D(Σ0)
(17)
(see Appendix B and equation B16), where
h ≡ − dr
d ln p
(18)
is the pressure scale height, which we evaluate here at Σ0,
and p is the pressure. This may be interpreted physically as
the material diffusing to the column density at which the
diffusion timescale matches the accretion time, which is a
generic feature of diffusion problems with a localised source
and dynamic diffusivity increasing away from the source.
The associated material fraction is well-approximated by
f (Σ) ≈ min
(
1,
h2 ÛΣ
DΣ
)
. (19)
While the case where dα/dΣ remains non-zero does not
arise physically with any of the transport processes we con-
sider here 4, it is still worth examining for completeness. In
this case we find (see equation (B32)) that
Σacc ≈ Σ0, (20)
with
f (Σ) ≈ 1. (21)
This is because the dynamic diffusivity is decreasing inward,
and so material just piles up at the surface. At the inter-
face between the two cases there is more complex behaviour
(e.g. when α diverges slowly), but the qualitative picture is
well-captured by equations (17) and (20) As shown in Ap-
pendix C, both cases satisfy our initial assumption that the
time derivative may be neglected.
If the accretion suddenly halts the system continues to
mix, but now ÛΣ = 0 and the boundary condition on f (0) is
replaced with a condition on the surface flux, namely that
F(0) = 0, (22)
subject to the equation
∂ f
∂t
= − ∂F
∂Σ
. (23)
Once more taking the instantaneous equilibrium approxima-
tion we find that F is a constant, in this case zero, such that
∂ f
∂Σ
= 0, (24)
and hence f is a constant as well. The boundary between the
region in which the old solution applies and that in which
the new one applies sits at the depth Σb, such that
f (Σb)− = f (Σb)+, (25)
where the subscripts − and + refer respectively to the re-
gion at greater depth than Σb and that at shallower depth.
4 See Section 3.
Along with conservation of mass this yields a time evolution
relation, namely that the amount of accreted material in the
region which has adapted to the new surface condition is
Σacc+ =
∫ Σb
0
f (Σ)dΣ = Σacc −
∫ t
0
F(Σb)−dt, (26)
where time is now measured since the accretion ended. This
gives
f (Σ < Σb) = 1 −
1
Σacc
∫ t
0
F(Σb)−dt, (27)
As we only ever find ourselves in the case given by equa-
tion (19), we combine this with equation (25) to find that
at depths for which ÛΣh2/D(Σb)Σb < 1,
ÛΣh2
D(Σb)Σb
= 1 − 1
Σacc
∫ t
0
F(Σb)−dt, (28)
where ÛΣ is the accretion rate prior to it halting. Assuming
that ρ ∝ h and that D obeys a power-law in Σ 5 we find
Σb ≈ Σacc
h2
D(Σb)(tacc − t)
, (29)
where tacc is the time over which the system accreted. Letting
Σb = Σ0 and using equation (17) we find
Σb ≈ Σacc
tacc
tacc − t . (30)
Thus we see that the timescale over which the photospheric
composition returns to its pre-accretion state is essentially
the timescale over which the accretion occured in the first
place. This behaviour may be seen in Fig. 3, which shows the
evolution of the accreted fraction with time for three stars
which differ only in the behaviour of the diffusivity. More
specifically, we have taken
D = D0Σ
β, (31)
and varied β between the three stars. What is shown is the
solution to equations (14), (17), (25), (26), and (27). In both
cases accretion is turned on at t = 0 and off at t = 102. In the
first case, with β = −0.5 > −1, the star rapidly mixes mate-
rial to incresing depths, and when the accretion is turned off
the material disperses into the star in a timescale compara-
ble to the accretion time. In the second case, with β = −1,
the marginal (e.g. logarithmic) scaling of f with time (in the
small- f regime) that was found in Appendix B is apparent.
Finally in the second case, with β = −1.5 < −1, the diffusion
front progresses much more slowly. In each case when the
accretion is turned off the surface rapidly relaxes to match
the peak accreted fraction, which it then tracks as the ma-
terial slowly disperses. In particular, the phenomenology is
precisely what we have described in equation (30), with the
timescale for dispersal is being set by the depth to which the
material had reached, which in turn is set by the timescale
over which material was accreted. The notable exception to
this is if D0 changes after the accretion halts, in which case
the new timescale is
t ′ = t D0
D′0
. (32)
5 See Appendix B for a discussion of these approximations.
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Figure 3. The accreted fraction f is shown as a function of mass
coordinate, defined to be zero at the surface, and time for three
stars with different power-law diffusivities (β = −0.5, β = −1,
and β = −1.5 respectively from top to bottom). These models
were computed using the instantaneous equilibrium assumption
for both Σ < Σb and Σ > Σb. In both cases the units are arbitrary,
and were chosen such that h = D0 = 1 and ÛΣ = 0.1. Accretion be-
gins at time t = 0 and ends at t = 102. In both cases the timescale
for mixing away from the surface after accretion ends is set by
the depth to which the material had reached, which in turn is set
by the timescale over which material was accreted.
3 MIXING PROCESSES
In the stars of interest there are five basic mixing processes
which could play a role:
(i) Molecular Diffusion
(ii) Rotational Mixing
(iii) Shear Mixing
(iv) Thermohaline mixing
(v) Convection
To first order these effects contribute additively to the
diffusivity, and so each may be considered independent of
the others. In this section we examine each of these in turn.
We then compare their relative magnitudes as a function of
the stellar parameters and discuss the extent to which they
ought to contribute to mixing in accreting A-type stars.
3.1 Molecular Diffusion
Molecular diffusion, also known as microscopic diffusion, is
the process whereby random thermal motions of particles in
a fluid mix material within the fluid. The fluids of interest
are ionised hydrogen-dominated plasmas, so the diffusivity
is
D ≈ 5.2 × 10−15 (lnΛ)−1
(
T
K
)5/2 ( ρ
g/cm3
)−1
cm2s−1 (33)
(Spitzer 1956), where
lnΛ =
{
−17.4 + 1.5 lnT − 0.5 ln ρ T < 1.1 × 105K
−12.7 + lnT − 0.5 ln ρ T > 1.1 × 105K (34)
and T and ρ are measured in C.G.S.K. units when they
appear in a logarithm. For simplicity we take lnΛ = −10
and ignore both thermal and magnetic corrections to this
factor. Inserting this into equation (33) and rescaling with
a representative temperature and density we find
D ≈ 5 × 10−5
(
T
104K
)5/2 ( ρ
0.1g/cm3
)−1
cm2s−1. (35)
When this mode of mixing dominates the diffusivity is a
power-law with β = −1 (see Appendix B).
3.2 Rotational Mixing
Rotational mixing is a result of the Eddington-Sweet circu-
lation. While this manifests as a meridional flow, near the
surface it has radial scale z and velocity
u ≈
(
F?
p
)
Ω2R
g
(36)
(Eddington 1929), where Ω is the angular velocity, F? is the
heat flux and p is the pressure. The radial velocity is offset
from this by a factor of h/R, so the effective radial diffusivity
is
D ≈ ur h ≈ h
(
h
R
) (
F?
p
)
Ω2R
g
=
(
z
R2
) (
F?
p
)
u2rot
g
, (37)
where urot is the rotation speed at the surface, which is typ-
ically of order tens to hundreds of kilometres per second.
This prescription is quite similar to that found by Chaboyer
& Zahn (1992) in a more detailed analysis.
Equation (37) gives rise to β = −1. The abundances
are thus enhanced over what we expect for β > −1 by a
factor of ln(D0t/h2)6, and so varies logarithmically in time
rather than asymptoting to a fixed value. For the purposes
6 See equation (B42) and the preceding discussion.
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6of our calculations below we neglect this logarithmic factor,
but simply note that it could cause the real abundances to
exceed those that we predict by a factor of several when this
is the dominant mixing mechanism.
3.3 Shear Mixing
Shear mixing is due to differential rotation or other shears
present in the star. Non-rotational shears may come from
meridional circulations, but in that case they cannot produce
more mixing than the circulation itself because they have
the same fundamental length– and time–scales as the cir-
culation (Maeder 2009). Thus we need only consider shears
due to differential rotation.
There are two main sources of differential rotation in
these systems, namely the angular momentum brought to
the surface of the star by the infalling material and the long-
term buildup of angular momentum due to meridional cir-
culations. While in systems with very strong accretion the
former may be severe, in most cases the accretion magneti-
cally truncates outside the star (Littlefair 2014). When this
occurs the infalling material is brought into corotation and
so does not create a surface shear. Rather the angular mo-
mentum is transported via the magnetic field, which may
spread it through a large volume of the star. As such we
neglect the shears due to accreting material.
Along similar lines, the long-term buildup of angular
momentum is expected to be quite large in some cases (Zahn
1992; Meynet & Maeder 2000; Lau et al. 2011), but aster-
eoseismic measurements appear to run counter to this pre-
diction (Keen et al. 2015; Cantiello et al. 2014; Eggenberger
et al. 2017; Deheuvels et al. 2015). There have also been
suggestions that more exotic angular momentum transport
mechanisms are at work near the surfaces of stars (see e.g.
Kumar et al. 1999). Given the uncertainties involved in this
physics we neglect this effect in our analysis, but note that
it could change our results should there be strong shears in
the stars of interest.
3.4 Thermohaline Mixing
When the accreting material is metal-poor mixing due to
an unstable molecular weight gradient ought not to occur.
This is because such a situation leads to a stable molecular
weight gradient, which is the opposite of what is needed for
the molecular gradient mixing mechanism. One might worry
that a stable weight gradient would hinder other mixing
mechanisms, but this effect should not be significant. While
the effect of accreting metal-poor material on the spectrum
of the star may be profound, its impact on the molecular
weight gradient is small, especially if the ratio of hydrogen
to helium in the accreting material matches that in the star.
As such we are justified in neglecting all effects associated
with molecular weight gradients for such scenarios.
By contrast when the accreting material is metal-rich
relative to the star it causes an unstable molecular weight
gradient. This produces a diffusivity of the form
D ≈ CK
 d ln µd ln p  (38)
(Ulrich 1972), where µ is the molecular weight, C ≈ 103 is a
constant and
K =
4acT3
3ρ2κcp
. (39)
It is worth noting that there is considerable uncertainty
in the constant C. Reported values inferred from observa-
tions include 658 (Charbonnel & Zahn 2007), 667 (Char-
bonnel & Lagarde 2010) and approximately unity (Kippen-
hahn et al. 1980). Numerical as well as more theoretically-
motivated studies show similar disagreement, with values
including 2 (Cantiello & Langer 2010), of order 10 (Traxler
et al. 2011), 658 (Ulrich 1972) and 1294 (Brown et al. 2013)7.
We use C = 103 for this study because it provides good agree-
ment with observations, but this remains a significant source
of uncertainty.
Using
df
dz
=
F0
ρD
(40)
we find that
d ln µ
d ln p
=
d
d ln p
ln [µ?(1 − f ) + f µacc] (41)
=
µacc − µ?
µ?(1 − f ) + f µacc
df
d ln p
(42)
=
µacc − µ?
µ?(1 − f ) + f µacc h
df
dz
(43)
=
µacc − µ?
µ?(1 − f ) + f µacc
hF0
ρD
. (44)
Thus
D ≈
√
hF0CK
ρ
 µacc − µ?µ?(1 − f ) + f µacc
. (45)
This scales like ρ−3/2, so β = −3/2 and hence the dynamic
diffusivity actually decreases with depth. As a result this
mechanism is rapid in the photosphere and becomes slow
deeper down. As in the case of rotational mixing, because
β ≤ −1 there is a logarithmic enhancement in abundances as
a function of time which we neglect for the purposes of our
abundance calculations because it is generally small.
Because this mechanism depends on f and F0 in prin-
ciple it should be incorporated by solving the differential
equations defining F and Σ anew. Instead of this we simply
solve equation (B17) consistently with equation (45). This
amounts to making a local calculation of the mixing near the
photosphere. Because the photospheric abundance is primar-
ily set by mixing processes near the photosphere this ought
to be a good approximation, even if its naive extrapolation
into the interior is more problematic.
In the opposite case, in which a star accretes material
which is much lighter than the bulk composition, the ma-
terial gradient acts to suppress certain kinds of turbulent
7 Note that there is some variation in the precise conventions used
to define C which may result in differences of factors of several
between studies, including in some cases distinguishing between
the microscopic thermal and material diffusivities (Brown et al.
2013), but comparative studies which standardise around con-
sistent definitions indeed find considerable disagreement in the
literature (Traxler et al. 2011).
MNRAS 000, 1–19 (2018)
Photospheric contamination 7
mixing, most notably convection. However surface convec-
tion zones are somewhat superadiabatic, so we are justified
in generally ignoring this effect.
3.5 Convective Mixing
Convection transports heat by means of bulk turbulent mix-
ing of material. The associated diffusivity is typically ap-
proximated via Mixing Length Theory as
D ≈ hvc (46)
(Bo¨hm-Vitense 1958), where h is as defined in equation (18)
and vc is the convection speed. When convection is efficient
(i.e. nearly adiabatic) the latter may be approximated as
vc ≈
(
F?
ρ
)1/3
(47)
(Bo¨hm-Vitense 1992), where F? is the heat flux. At the pho-
tosphere proper this is not a good approximation, as a sig-
nificant fraction of the flux there is carried by radiation, but
below this point the approximation typically becomes very
good8. Furthermore because there may be other dynamical
processes which mix material at the photosphere itself as
the accreting material hits the star we suspect that this ap-
proximation does not result in our neglecting an important
bottleneck to mixing.
Combining equations (46) and (47) we find
D ≈ h
(
F?
ρ
)1/3
, (48)
which may be approximated with stellar scaling relations9
as
D ≈ 7 × 1013cm2g−1
(
M
M
)7/3 ( κ
10cm2g−1
)1/3
. (49)
4 APPLICATION TO OBSERVATIONS
Sources of accretion onto stars include protoplanetary disks,
debris disks, and evaporating or tidally disrupted planets or
planetesimals. Intermediate-mass stars develop radiative en-
velopes fairly quickly, either on the Henyey track or imme-
diately off the Hayashi track (Palla 2012). This allows the
CAM framework to be applied to very young, disk-hosting
early-type stars as well as main-sequence ones. Using known
stellar parameters and the equations presented in the previ-
ous sections, one can calculate the fraction fph of accreted
material in the stellar photosphere as a function of time and
determine its composition. We detail the required equations
and discuss various source types below.
We denote the observed fractional abundance of element
X in the stellar photosphere with (X/H)obs, and use analo-
gous notation for the reference stellar composition (“bulk”)
and recently accreted material (“acc”). The normalization
with hydrogen (H) is arbitrary and just the most common
8 The error in this approximation falls exponentially in optical
depth at low depths before hitting a (typically low) floor set by
the radiative diffusivity.
9 See Appendix E.
convention. The fraction of accreted material f (r) is not a
directly-observable quantity. Rather, what is observed is the
composition of the photosphere, (X/H)obs. For a given ele-
ment X measured by a transition at wavelength λ, the in-
ferred composition is
(
X
H
)
obs
=
∫ R
0 ρe
−τλ(z)
[
f (z)
(
X
H
)
acc
+ (1 − f (z))
(
X
H
)
bulk
]
dz∫ R
0 ρe
−τλ(z)dz
,
(50)
where, τλ(z) is the optical depth at z for light of wavelength
λ, (X/H)acc is the concentration of X in the accreted mate-
rial, and (X/H)bulk is the concentration of X in the stellar
material. That is, the composition which is measured is a
transmittance-weighted average over the star.
A reasonable approximation to this average is to iden-
tify the depth zph of the photosphere for a given spectral
feature. This depth is given by the implicit equation
τλ(zph) =
∫ zph
−∞
κλ(ρ(z), p(z))ρdz ≈ 1, (51)
where κλ(ρ, p) is the opacity of material at pressure p and
density ρ at wavelength λ. This expression in turn may be
approximated as
τλ(zph) =
∫ zph
−∞
κλ(ρ(z), p(z))ρdz (52)
≈
∫ Σ(zph)
0
κλ(ρ(z), p(z))dΣ (53)
≈
∫ p(zph)
0
κλ(ρ(z), p(z))g−1dp (54)
≈ κλ(ρph, pph)pphg−1, (55)
where we have made use of dΣ = ρdz and p ≈ Σg−1 near
the photosphere. As T is nearly constant throughout the
photosphere, the equation of state determines ρ from p and
so equation (51) may be written simply as
κλ(pph)pphg−1 ≈ 1. (56)
To leading order the dependence on λ may be dropped
and κ may be approximated by the Rosseland mean opacity,
resulting in
κ(pph)pphg−1 ≈ 1. (57)
The solution to this equation yields a photospheric pressure,
which may be converted to a depth using the equation of hy-
drostatic equilibrium dp = −ρgdz. The photospheric fraction
fph is then given by equation (19), which may be approxi-
mated as
fph ≈ min
(
1,
ÛMh
4piR2ρphDph
)
. (58)
Note that we have used the form for cases in which ρ2D
increases with depth, as this is the only one relevant for the
mixing mechanisms considered in the previous section. A
further approximation makes use of h  R to write
Mph ≈ 4piR2hρph, (59)
where Mph is the mass of the photosphere, which typically
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Figure 4. The photospheric abundance of accreted material is shown in colour for main sequence stars as a function of stellar mass
(horizontal) and rotation speed (vertical). Four accretion rates are shown: 10−13M/yr (top-left), 10−11M/yr (top-right), 10−8M/yr
(bottom-left) and 10−5M/yr (bottom-right). Each star is placed on the panel which most closely matches its measured or predicted
accretion rate. Stars with no such data are placed on the bottom-right panel and shown with open circles. Contours correspond to factor
of 100 increments. Regions with f < 10−6 are shown in white. Note the sudden change around 1.4M, corresponding to the onset of a
surface convection zone which greatly enhances photospheric mixing. The accretion rate for HD 245815 is due to Donehew & Brittain
(2011).
varies from 10−12M for Sun-like stars to 10−10M in more
massive stars. As such,
fph ≈ min
(
1,
ÛM
Mph
(
h2
Dph
))
. (60)
For context h is typically of order 107cm and Dph varies
between 102cm2 s−1 when molecular diffusion dominates and
1014cm2 s−1 for stars with surface convection zones. Finally,
this fraction is related to the observed abundance of element
X by the relation(
X
H
)
obs
= f ph
(
X
H
)
acc
+ (1 − fph)
(
X
H
)
bulk
. (61)
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Embedded protostar 
with giant planet
Protoplanetary disk 
with giant planet
Debris disk with gas
Evaporating planet
Chronic depletion
Ṁ ~ 10-5 M⊙ yr-1
Ṁ ~ 10-8 M⊙ yr-1
Ṁ ~ 10-11 M⊙ yr-1
Ṁ ~ 10-13 M⊙ yr-1
No longer accreting
Dust disk Gas envelope
Figure 5. Evolutionary phases where an early-type star may
display surface abundance anomalies due to ongoing or recent
accretion. Red material on the star indicates accreted material,
while blue indicates primordial composition. Planet-induced ra-
dial dust depletion can provide selective accretion in the disk
phase. Chronic depletion refers to hypothetical signatures which
remain for & 100 Myr after accretion ceases.
The accreted fraction of the photosphere asymptotes
rapidly to a constant except in the case where rotational
mixing dominates, in which case there is a logarithmic cor-
rection in time. Figure 4 shows the fractional abundance
of accreted material in the photosphere, neglecting the log-
arithmic correction, for main sequence stars as a function
of mass and rotation speed for accretion rates ÛMacc = 10−5,
10−8, 10−11, and 10−13M/yr. These rates represent accretion
from the envelope of a protostar, a protoplanetary disk, a
gas-rich debris disk, and an evaporating planet, respectively.
Various evolutionary stages where a star may show surface
abundance anomalies due to accretion are shown along with
the relevant order-of-magnitude accretion rate in Figure 5.
We also include chronic (long-lived) depletion, which may
occur if the total mass fraction accreted from material with
an abundance anomaly is sufficient that a residual signa-
ture remains even after complete mixing, or if the mixing
happens on a long timescale (tmix & 100 Myr).
The abundance of X in the mass reservoir providing the
accretion is(
X
H
)
acc
=
1
f
(
X
H
)
obs
− 1 − f
f
(
X
H
)
bulk
(62)
Aside from calculating f , we need to assume a reference
point for the bulk stellar abundances. Reasonable choices
include the composition of the Sun (Lodders 2003; Asplund
et al. 2009) or an average of nearby early-type stars (Fossati
et al. 2011; Martin et al. 2017). In the current work, we
favour the former for accuracy and precision, but the latter
choice may be a better reference because it was obtained
using spectroscopic methods nearly identical to those used
in studies of protoplanetary disk hosting early-type stars
(e.g. Acke & Waelkens 2004; Folsom et al. 2012) and in our
own ongoing observational efforts.
We now consider four source types where we can obtain
new insight on the accreting material:
(i) Protoplanetary disks (e.g. HD 163296, HD 100546)
(ii) Debris disks (e.g. HD 141569 A, HD 21997)
(iii) Evaporating planets (e.g. HD 195689/KELT-9)
(iv) λBoo¨tis stars
We accompany each of the example stars with a figure;
Figs. 6, 7, 8, 9, and 10 respectively. In addition we discuss
polluted white dwarfs, which provide an additional set of
constraints on similar systems at a later stage of evolution.
Input and calculated parameter values are summarized in
Table 1. The figures show the newly accreted photospheric
mass fraction, fph, calculated from Eq. 60 (solid black lines).
As a comparison with this theoretical calculation, fph can
also be estimated from observations using the measured stel-
lar rotation rate, vrot, and the measured or predicted ac-
cretion rate, ÛMacc (intersection of red horizontal and blue
vertical lines). Observed vrot values are shown for each star,
while ÛMacc is either observational, or predicted from models
or theory.
Where available, e.g. for HD 100546 (Fig. 7), the ob-
served (Fe/H)obs is used to calculate a lower limit on fph
(purple diagonal line), which corresponds to the fraction of
the photosphere that needs to be replaced with pure H in
order to decrease (Fe/H) to the observed level. If (Fe/H)obs
is super-solar, e.g. for HD 163296, we obtain instead an up-
per limit on fph (purple vertical line) under the assumption
that the accretion flow contains only Fe. An analogous rea-
soning would apply to any other element, here we use iron
because it is easy to determine and indicative of a depletion
of dust from the accreted material. Specific elemental sig-
natures may be different in specific cases, depending on the
origin of the accreted material.
4.1 Protoplanetary disks
Three immediate applications of our method suggest them-
selves for young B-/A-/F-type stars hosting protoplanetary
disks: (i) measuring the gas-to-dust mass ratio, ∆g/d; (ii)
measuring the fraction of each element locked in refractory
particles; and (iii) assessing whether or not a given young
star has developed a radiative envelope. We discuss each of
these in turn.
(i) An independent measurement of the gas-to-dust mass
ratio in the inner disk.
For 1–10 Myr old B to mid-F type stars hosting proto-
planetary disks a correlation has been found between the
presence of dust-depleted gaps in the disk and a decreased
abundance of refractory elements on the stellar photosphere
(Kama et al. 2015). That study found the photospheric re-
fractory abundances to correspond to ∆g/d values as high as
1000, but did not account for the cases where f < 1 (i.e.
where accretion does not replace the entire photosphere in
MNRAS 000, 1–19 (2018)
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Star Type log
(
Fe
H
)
obs
vrot Age ÛMacc log tph log f log f Notes(
km s−1
)
(Myr)
(
M yr−1
)
(s) (Pred.) (Pred. Heavy)
HD 163296 A3 −4.39+0.15−0.15 122.0 ± 3.0 7.56+2.17−2.17 −7.49+0.3−0.14 3.9 −0.33 −4.70 Folsom et al. (2012);
Fairlamb et al. (2015)
HD 100546 A0 −5.67+0.08−0.08 64.9 ± 2.2 7.02+1.49−1.49 −7.04+0.15−0.13 3.5 +0.00 −4.45 Folsom et al. (2012);
Fairlamb et al. (2015);
Kama et al. (2016)
HD 141569 B9.5 −5.25+0.32−0.32 222.0 ± 7.0 9.0+4.5−4.5 −7.65+0.47−0.33 3.7 −0.92 −4.76 Folsom et al. (2012);
Fairlamb et al. (2015)
HD 21997 A3 -4.47? 69.7? 30.0 −10.4† 4.3 −2.40 −5.98 Vigan et al. (2012); Kral
et al. (2016, 2017); Ne-
topil (2017); Kral (2017)
HD 195689 A0 −4.53+0.20−0.20 111.4 ± 1.3 300.0 −13.0+2.0−2.0† 3.6 −5.98 −7.52 Gaudi et al. (2017)
Table 1. Stars chosen to demonstrate the application of CAM to study the composition of accreting material. tph is h
2/D evaluated at
the photosphere. The predicted log f was calculated using equation (19), with molecular weight gradients incorporated in the heavy case
on the assumption of Fe accretion. ? – (Fe/H)obs for HD 21997 was determined photometrically and no errorbar was reported. Likewise
no errorbar was reported for vrot for this star. † – Accretion rates predicted from models.
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HD163296
Figure 6. HD 163296 hosts a full protoplanetary disk. We show
the theoretical accreted photospheric mass fraction fph from ac-
creting hydrogen-rich material (solid black lines) or accreting pure
Fe (dotted), fph from the observed accretion and rotation rate (in-
tersection of horizontal red and vertical blue bars, to be compared
with the solid black lines), and an upper limit from the observed
super-solar (Fe/H) of the star (vertical purple line, to be com-
pared with the dotted black lines). The ±σ and ±2σ contours for
log vrot are shown in red while those for log ÛMacc are shown in blue.
steady state). Applying f values calculated with the for-
malism developed in the current paper, we expect to find
some ∆g/d values much larger than before, and in even bet-
ter agreement with the dust depletions directly determined
from spatially resolved continuum observations (e.g. van der
Marel et al. 2015, 2016, but a limitation of that data is that
the gas surface density is measured indirectly via CO).
Two cases in point are HD 163296 (Figure 6) and
HD 100546 (Figure 7), stars hosting a full and a transitional
disk, respectively. For both of these stars, the high theo-
retical fph,HD 163296 = 0.47 and fph,HD 100546 = 1.0 (Table 1)
confirm that the photospheric abundance pattern closely fol-
lows the abundance pattern of freshly accreted material.
HD 163296 is accretion-dominated but has slightly super-
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Figure 7. HD 100546 hosts a transitional protoplanetary disk.
We show the theoretical accreted photospheric mass fraction fph
from accreting hydrogen-rich material (solid black lines) or ac-
creting pure Fe (dotted, not relevant in this source), fph from the
observed accretion and rotation rate (intersection of horizontal
red and vertical blue bars, to be compared with the solid black
lines), and a lower limit from the observed low (Fe/H) of the star
(diagonal purple line, to be compared with the solid black lines
and the red and blue bars). The ±σ and ±2σ contours for log vrot
are shown in red while those for log ÛMacc are shown in blue.
solar abundances of refractory elements (Folsom et al. 2012)
and so (Fe/H)acc & (Fe/H). This implies the relevant fea-
tures to examine in Figure 6 are the theoretical fph from
pure-Fe accretion (dotted black lines) and the upper limit
on fph from the observed photospheric abundance (Fe/H)obs.
An enhancement of refractories is consistent with disk mod-
els which suggest the disk material around HD 163296 is
gas-poor (∆g/d ≈ 20, Boneberg et al. 2016).
For HD 100546, the observed abundance of refractory el-
ements is low, (Fe/H)obs = −5.67 (Kama et al. 2016). Fol-
lowing the theoretical calculations for H-rich accretion in
Figure 7 (solid black lines) and the observed rotation and
accretion rate constraints (red and blue bars) gives fph = 1.0
MNRAS 000, 1–19 (2018)
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and (Fe/H)acc = (Fe/H)obs. The observed abundance is a fac-
tor of 10 below solar and gives ∆g/d = 1000, consistent with
the structure of the inner dust cavity in gas-dust disk models
(Bruderer et al. 2012; Kama et al. 2016).
(ii) A quantification of the refractory vs volatile fraction
of any element measured in the photospheric spectrum.
As noted above, the most refractory elements are, on av-
erage, depleted in abundance by 0.5 dex in the photospheres
of stars with a transitional disk (Kama et al. 2015). Such
disks have extended radial zones where the surface density
of large particles is reduced by up to several orders of mag-
nitude. In contrast, the same study found the most volatile
elements, such as C and O, have similar abundances for all
disk-hosting early-type stars regardless of the disk structure.
For elements of intermediate sublimation temperature, how-
ever, the depletion may be only partial, and this offers a way
of measuring the refractory fraction of a given element. A key
example which we will address in a follow-up paper is sulfur,
which is predominantly refractory in primitive solar system
meteorites, but whose refractory fraction in protoplanetary
disks has not yet been observationally determined.
(iii) An independent assessment of whether or not a star
has developed a radiative envelope.
For early-type protoplanetary disk hosts, it is usually pos-
sible to measure the stellar photospheric abundances (Acke
& Waelkens 2004; Folsom et al. 2012) and the accretion rate
onto the star (e.g. Mendigut´ıa et al. 2011; Fairlamb et al.
2015). This is important for B/A/F-type stars, in partic-
ular, because early on such stars are expected to be fully
convective (Hayashi 1961), but once on the main sequence
their upper atmospheres are radiative (Bo¨hm-Vitense 1992).
This entails a dramatic shift in the diffusivity near the pho-
tosphere, and so the change to a radiative envelope ought to
be detectable even in highly uncertain measurements, if the
accreting material has a composition substantially depleted
in refractory elements or has an otherwise significantly dif-
ferent composition from the bulk stellar material. Whether
or not a young star is convective can be a key indicator of
its age, which is normally quite difficult to determine (Tout
et al. 1999; Soderblom et al. 2014).
To understand this quantitatively, recall that the fraction
of accreted material in the photosphere is given by equation
(60) as
fph ≈
ÛM
Mph
(
h2
Dph
)
. (63)
For a species where the stellar and accreted material have
very different abundances this fraction is readily measured
and closely related to any depletion/enhancement by equa-
tion (61). Inserting equation (49) we find
fph ≈ 10s
ÛM
Mph
(
M
M
)5/12 ( κ
10cm2g−1
)−1/3
. (64)
The upshot of this being so much less than any of the mech-
anisms active in radiative stars is that it provides a robust
means of determining which stars have formed their radia-
tive envelopes and which ones are still fully convective.
If fph can be measured or bounded and is found to be much
greater than Eq. (64) suggests – such as would be inferred if a
significant depletion of refractories is found – mixing must be
much less efficient than convection and so the upper regions
of the star must be radiative. Conversely, if fph is found to
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Figure 8. HD 141569 hosts a hybrid disk. We show the the-
oretical accreted photospheric mass fraction fph from accreting
hydrogen-rich material (solid black lines) or accreting pure Fe
(dotted, not relevant in this source), fph from the observed accre-
tion and rotation rate (intersection of horizontal red and vertical
blue bars, to be compared with the solid black lines), and a lower
limit from the observed low (Fe/H) of the star (diagonal purple
line, to be compared with the solid black lines and the red and
blue bars). The ±σ and ±2σ contours for log vrot are shown in red
while those for log ( ÛMacc) are shown in blue.
be consistent with this equation then this strongly suggests
a convection zone. A strong case for this might be made
if a disk is robustly established to have a significant dust
depletion in an inner cavity, but the central star is observed
to have a high abundance of refractory elements.
The power of this test in the face of the typically order
of magnitude of uncertainty in the accretion rates and up
to a factor of two in abundances comes from the massive
difference in mixing efficiency between radiative mechanisms
and bulk turbulent convection.
4.2 Debris disks
In debris disks, the gas-to-dust mass ratio is generally low,
∆g/d . 1, and the dust dynamics are independent of the gas.
A slew of recent results has revealed that significant quanti-
ties of carbon and oxygen gas can be present, either in the
form of CO molecules, or neutral or ionized C or O atoms.
The debris disks with gas are found around early-type (A,
F) stars and fall into two categories: those for which the C
and O gas mass can be explained with outgassing of CO and
H2O from exocomets, such as βPic, HD 181327, and Foma-
lhaut; and the so-called “hybrid” disks such as HD 141569 A
and HD 21997, which have a large gas mass and which may
be primordial, gas-rich disks in a late stage of dissipation
(Moo´r et al. 2011; Pe´ricaud et al. 2017; Marino et al. 2016;
Kral et al. 2017; Hughes et al. 2017; Matra` et al. 2017a,b;
Moo´r et al. 2017). A major difference between the two types
is that the hybrid disks are likely still dominated by H2,
while in the outgassing disks C, O, and H all likely have
an order-of-magnitude similar number density because the
hydrogen comes from H2O photodissociation.
Models of exocometary gas production and viscous disk
MNRAS 000, 1–19 (2018)
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Figure 9. HD 21997 hosts a hybrid disk. The high vrot, and the
accretion rate predicted by the Kral et al. (2016, 2017) model,
ÛMacc ∼ 10−11 M yr−1, yields fph = 4×10−3. We show the theoretical
accreted photospheric mass fraction fph from accreting hydrogen-
rich material (solid black lines) or accreting pure Fe (dotted), fph
from the model-predicted accretion and observed rotation rate
(intersection of horizontal red and vertical blue bars). Note that
no uncertainties are given for vrot because none were reported
from observations, and likewise none are given for ÛMacc because
none were given in the predicted rates. If the accreted material
is largely C and O, the stellar photospheric abundances of these
elements may be dominated by outgassed debris disk material.
evolution allow predictions to be made for the accretion rate
of C- and O- rich gas onto the host stars debris disks, and
these typically lie in the range of 10−13 to 10−11 M yr−1
(Kral et al. 2016, 2017, and private communication). From
ÛMacc, the accreted fraction f of total photosphere mass can
be calculated.
HD 141569 A is a heavily accreting hybrid disk system.
As shown in Fig. 8, from the apparently extremely high ac-
cretion rate, we predict fph = 0.12, in spite of the very high
vrot sin (i). In comparison, the observed photospheric Fe/H
abundance gives a lower limit of fobs ≥ 0.9. Considering the
errorbars on ÛMacc and vrot, the theoretical and observation-
ally constrained f are consistent within a factor of a few and
suggest the photosphere consists entirely, or almost entirely,
of freshly accreted, refractory-poor material. This implies
that the bulk of the measured accretion is indeed due to H
and other volatile elements, indicating that at least the in-
ner disk is relatively gas-rich, and indeed a large-scale CO
gas disk has been resolved with ALMA (Flaherty et al. 2016;
White et al. 2016).
HD 21997, a hybrid disk shown in Fig. 9, has no re-
ported detection of accretion onto the star. Furthermore, a
precise, spectroscopic (Fe/H)obs was not immediately avail-
able from the literature. We use an ÛMacc value from the Kral
et al. (2016) model to obtain fph = 4 × 10−3. This accreted
mass fraction is very low in absolute terms. It is thought to
be a hybrid disk which may have retained a relatively large
amount of primordial H2 from the protoplanetary disk stage.
The photospheric abundances of the star offer a way to dis-
tinguish a primordial origin of the gas from the cometary
outgassing scenario. In the latter case, the volatile elements
C and O would be accreted in large quantities with barely
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Figure 10. HD 195689 hosts the hottest known Hot Jupiter,
with Teq = 4600 K (KELT-9b, Gaudi et al. 2017). We show the
theoretical accreted photospheric mass fraction fph from accret-
ing hydrogen-rich material (solid black lines) or accreting pure
Fe (dotted), and fph from the model-predicted accretion and ob-
served rotation rate (intersection of horizontal red and vertical
blue bars). The ±σ and ±2σ contours for log vrot are shown in red
while those for log ( ÛMacc) are shown in blue.
any hydrogen, while in the primordial case the accretion
would be hydrogen-dominated. Thus measuring the stellar
C and O abundances can serve as a test of models of gas-rich
debris disks.
4.3 Evaporating or disrupted planets
A planet sufficiently close to its star will undergo grad-
ual evaporation or even total disruption. Some or most of
the ejected material will accrete onto the star, where it
may potentially be observed as photospheric contamination.
This possibility was first suggested for the diffusively mixing
early-type field stars by Jura (2015) in an effort to explain
why stars without any apparent circumstellar mass reservoir
display the λBoo¨ abundance anomaly.
The ultra-violet (UV) heating flux intercepted by a
planet returns through two cooling channels – a radia-
tive component and an escaping particle flux component
(Murray-Clay et al. 2009). The escaping particle flux at high
UV flux (FUV > F0, where F0 = 450 erg cm−2 s−1) is given by
ÛMUV ≈ 4 × 1012
(
FUV
F0
)1/2 [ g
s
]
(65)
The most heavily irradiated exoplanet known to-date
is HD 195689b (KELT-9b), the first planet found around a
B9/A0 star (Gaudi et al. 2017). Using Eq. 65 and adopt-
ing LUV ≈ 10−3 L for the UV-luminosity of HD 195689,
we find ÛMUV = 5.7 × 1012 g s−1 or 10−13 M yr−1. The photo-
spheric mass fraction of accreted planetary material is shown
in Fig. 10 for log10( ÛMacc/(Myr−1)) = −13 ± 2.
Taking the mean of the logarithmic range of possible
mass loss rates from the planet, we find an accreted photo-
spheric mass fraction of fph = 10−6. For the highest poten-
tial planetary evaporation rate, Macc = 10−11 M yr−1, we
find fph ≈ 3 × 10−5. If, however, this mass fraction consists
primarily of non-hydrogen elements, it may still lead to a
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detectable enhancement in their stellar photospheric abun-
dance.
HD 195689b and HD 185603b (MASCARA-2b and
KELT-20b, Talens et al. 2017; Lund et al. 2017) are the
only Hot Jupiter planets known to-date to orbit main se-
quence A0 stars. Continuation of programmes such as KELT
and MASCARA is expected to increase the sample size of
heavily irradiated exoplanets with a high mass loss rate. Ap-
plying CAM to their host stars can potentially provide new
information on the mass loss rate and elemental abundance
ratios of such planets. In particular, it may be feasible to
obtain a completely independent measurement of the C/O
ratio in the atmosphere of giant planets.
Earth-like or Super-Earth planets undergoing disrup-
tion or active evaporation may also provide a sufficient ef-
fective accretion rate to yield detectable signatures. Accret-
ing a 1 M⊕ planet over 1 Myr yields an average accretion
rate ÛMacc = 10−12 M yr−1. As the accreted material would
consist mostly of refractory elements, the relative enhance-
ment of each such element could potentially be of order a
factor of a few. Such a signature would remain visible in the
photosphere for 0.1 to 1 Myr.
It has been suggested that elemental abundances in sun-
like stars with planets are modified by a large fraction of re-
fractories being locked in rocky planets or by the accretion of
entire giant planets (e.g. Mele´ndez et al. 2009; Ramı´rez et al.
2009; Wilson et al. 2017). However, those analyses have pos-
tulated an effect on the bulk composition of the star, or on
its convection zone which is substantial for low-mass stars.
Other studies suggest a relation between the overall metal-
licity of the system and the masses of its planets (Buchhave
et al. 2014). Our method offers a snapshot in time of the
composition of material currently or recently (≤ 1 Myr) lost
from a planet and accreted onto its host star.
4.4 λBoo¨tis Stars
Significant photospheric depletion of refractory elements,
called the λBoo¨ phenomenon, is seen in ∼ 2 % of B to mid-
F type stars (Paunzen & Gray 1997; Paunzen et al. 2001;
Paunzen 2001; Murphy et al. 2015). The λBoo¨ abundance
pattern is seen in young, disk-hosting stars with ages ∼ 0.1
to 10 Myr (Section 4.1) and in stars as old as 1 Gyr, on the
order of their main–sequence lifetimes (Murphy & Paun-
zen 2017). Some λBoo¨ stars possess debris disks (Draper
et al. 2016), but the fraction of confirmed debris disks was
found to be statistically indistinguishable from that in non-
λBoo¨ sources (Gray et al. 2017). Although the fraction of
stars with the λBoo¨ phenomenon among protoplanetary
disk hosts (& 30 %, Folsom et al. 2012) is much higher
than among the total B to mid-F sample, the refractory
element depletion in any given star does not correlate with
its age (Iliev & Barzova 1995). Firstly, this suggests that
most young λBoo¨ stars can indeed be explained as tempo-
rary beacons of the selective accretion of gas rather than
dust (Venn & Lambert 1990), and indeed it has been shown
that in young stars the λBoo¨ phenomenon is a result of the
star hosting a dust-depleted “transitional” disk (Kama et al.
2015). Secondly, a small fraction of λBoo¨ stars appear to
survive to old age with a long-lasting or chronic depletion.
A possible explanation is that the transitional disk phase for
such λBoo¨ stars was early and long-lasting enough for the
dust-poor material to compose a significant fraction of the
total mass of the star.
Two alternative explanations emerge in the context of
this work. First, it is possible that the transitional disk phase
lasted for a substantial fraction of the age of the star but
did not result in the accretion of a substantial fraction of
its mass. In that case the accretion signatures would still
be apparent in its photosphere according to equation (30)
even though the accretion might have ceased long ago. Sec-
ondly, and potentially in better agreement with the fraction
of stars observed to have such accretion, it is possible that
the transitional disk phase was both short relative to the age
of the star and provided comparatively little material, but
that the diffusivity in the star fell significantly towards the
end of the accretion period. In that case equation (32) indi-
cates that the time over which the accreted material should
be observable in the photosphere ought to be enhanced by
a factor of Dold/Dnew.
Under this second story, long-term accretion results in
material mixing to significant depths, as Σ0 may become
quite large. At such depths the dominant mechanism for
mixing would be rotational mixing (e.g. meridional flows).
If the star magnetically breaks 10 from a rotation rate of
Ωold to one of Ωnew towards the end of the accretion period
then the timescale over which the accreted material ought
to be observable is of order
tobs ≈ tacc
(
Ωold
Ωnew
)2
. (66)
This possibility is particularly interesting because during the
accretion process the disk may transfer significant quantities
of angular momentum to the star, even bringing it to near
breakup with relatively modest amounts of material11, and
so it is quite natural for the star to spin up during the tran-
sitional disk phase and spins down shortly afterwards. If the
spin-down occurs on the same time-scale as the accretion or
faster and if the spin-down is significant then the historical
accretion could remain observable for considerably longer
than would otherwise be expected. This is likely not long
enough for the prototypical λBoo¨ but with either a some-
what longer accretion phase or a more severe spin-down may
explain at least some of the observed systems.
4.5 White Dwarf Constraints
After going through an Asymptotic Giant Branch (AGB)
phase, the stars in many of the systems we have considered
will become white dwarfs. These commonly host planetismal
debris (Jura 2003; Reach et al. 2005; Zuckerman et al. 2010;
Farihi et al. 2009; Koester et al. 2014; Jura et al. 2009)
and may also host planets and planetary remnants (Klein
et al. 2010). In such cases not only is accretion onto the
white dwarf a probe of the current circumstellar elemental
composition (Zuckerman et al. 2007; Ga¨nsicke et al. 2012;
Farihi et al. 2013; Xu et al. 2014) but also potentially of
earlier chemical processing. It is possible that such signa-
tures, when combined with models of planetesimal formation
10 When the star is young it could well have both winds and a
fossil magnetic field.
11 On the order of 0.05M (Matrozis et al. 2017) would suffice.
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and evolution, may provide further insights into the earlier
volatile/refractory partitioning of elements in these systems
(Klein et al. 2010; Jura & Young 2014).
5 CONCLUSIONS
We present a theoretical framework (Contamination by Ac-
cretion Method, CAM) which connects the observed photo-
spheric composition of early-type stars to the composition
of, and accretion from, circumstellar material. We discuss
applications to stars hosting disks and planets.
(i) Equations (60), (61), and (62) directly relate the prop-
erties of the photosphere to both the accretion rate and the
observed stellar composition.
(ii) Where the stellar parameters and the accretion rate
are observationally constrained, we find very good agree-
ment between the observed photospheric composition and
our theoretical predictions.
(iii) We predict that the photospheres of HD 163296,
HD 100546, and HD 141569 A are dominated by freshly ac-
creted material. For the latter two, their sub-solar (Fe/H)obs
and the presence of dust-poor radial gaps in both disks con-
firms this. For HD 163296, the observed (Fe/H)obs is slightly
super-solar, which is consistent with its accretion from a
somewhat gas-poor disk.
(iv) The debris disk host HD 21997 and the hot Jupiter
host HD 195689 (KELT-9) are predicted to have photo-
spheres only marginally affected by accretion from these
reservoirs, however the peculiar composition of debris disk
gas and planetary material may make the contamination de-
tectable for individual elements.
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APPENDIX A: MATERIAL FLUX
Because material is accreting the total derivative left-hand
side of equation (1) is written as
D f
Dt
=
∂ f
∂t
+
∂z
∂t
∂ f
∂z
, (A1)
where the partial derivative of z is taken a constant Σ. This
may equivalently be written as
D f
Dt
=
∂ f
∂t
+
∂Σ
∂t
∂ f
∂Σ
, (A2)
where the partial derivative of Σ is taken at constant z. Defin-
ing
ÛΣ ≡ ∂Σ
∂t
(A3)
and inserting equation (A2) into equation (1) we find
∂ f
∂t
+ ÛΣ ∂ f
∂Σ
= − 1
ρ
∂F
∂z
. (A4)
Now using the definition of the column density we see that
∂Σ
∂z
= ρ (A5)
so
∂ f
∂t
+ ÛΣ ∂ f
∂Σ
= − ∂F
∂Σ
. (A6)
Using equation (3) to eliminate the ∂ f /∂Σ we find
∂ f
∂t
− ÛΣ F
ρ2D
= − ∂F
∂Σ
, (A7)
which is the desired result.
APPENDIX B: DERIVATION OF Σ0
We are searching for a solution to equation (16), so
Σacc =
∫ Σ0
0
f (Σ)dΣ. (B1)
Inserting equation (14) we find
Σacc =
∫ Σ0
0
1 − e
ÛΣα(Σ) − e ÛΣα(0)
e ÛΣα(Σ0) − e ÛΣα(0)
dΣ. (B2)
For notational convenience let
γ(Σ) ≡ α(Σ) ÛΣ. (B3)
Then
Σacc =
∫ Σ0
0
1 − e
γ(Σ) − eγ(0)
eγ(Σ0) − eγ(0) dΣ. (B4)
Differentiating with respect to Σ0 yields
dΣacc
dΣ0
=
d
dΣ0
∫ Σ0
0
1 − e
γ(Σ) − eγ(0)
eγ(Σ0) − eγ(0) dΣ (B5)
=
∫ Σ0
0
d
dΣ0
[
1 − e
γ(Σ) − eγ(0)
eγ(Σ0) − eγ(0)
]
dΣ, (B6)
where we have made use of the fact that the integrand van-
ishes at Σ0. Evaluating the derivative inside the integral we
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find
dΣacc
dΣ0
= −
∫ Σ0
0
d
dΣ0
[
eγ(Σ) − eγ(0)
eγ(Σ0) − eγ(0)
]
dΣ (B7)
=
∫ Σ0
0
dγ(Σ0)
dΣ0
eγ(Σ0)
eγ(Σ0) − eγ(0)
[
eγ(Σ) − eγ(0)
eγ(Σ0) − eγ(0)
]
dΣ (B8)
=
dγ(Σ0)
dΣ0
eγ(Σ0)
eγ(Σ0) − eγ(0)
∫ Σ0
0
eγ(Σ) − eγ(0)
eγ(Σ0) − eγ(0) dΣ (B9)
=
dγ(Σ0)
dΣ0
eγ(Σ0)
eγ(Σ0) − eγ(0) [Σ0 − Σacc] (B10)
=
dγ(Σ0)
dΣ0
1
1 − eγ(0)−γ(Σ0) [Σ0 − Σacc] . (B11)
Because ρ and D are positive quantities, α is monotonic
and hence either asymptotes to a finite value or else diverges.
Because ÛΣ is also positive, γ does the same. In the event that
γ diverges we may set eγ(0)−γ(Σ0) to zero. Likewise we will ar-
gue later that under all cases of interest where γ asymptotes,
it does so to a value much greater than γ(0), and so we may
make the same approximation. Thus we write in both cases
dΣacc
dΣ0
≈ dγ(Σ0)
dΣ0
[Σ0 − Σacc] , (B12)
which may also be written as
dΣacc
dΣ0
≈ dγ
dΣ

Σ0
[Σ0 − Σacc] . (B13)
From this we see that it is not the asymptotic behaviour of
γ that we care about, but rather that of
dγ
dΣ
=
ÛΣ
ρ2D
. (B14)
Noting that ρ is monotonic in Σ, and taking D to be mono-
tonic in ρ, we find that this either goes to zero, diverges, or
approaches a non-zero finite asymptote.
In the event that dγ/dΣ→∞ as Σ→∞, the solution to
equation (B13) asymptotically approach a scenario in which
Σ0 − Σacc ≈ dΣdγ

Σ0
→ 0. (B15)
This is because the prefactor of Σacc on the right-hand side
of equation (B13) is negative and so causes the solution to
damp towards this point. Thus in this situation
Σacc ≈ Σ0 (B16)
and
f (Σ < Σ0) ≈ 1. (B17)
Indeed this solution holds approximately even when dγ/dΣ
tends to a non-zero finite asymptote, because in that case
the solution tends to
Σacc = Σ0 − dΣdγ

Σ0
≈ Σ0, (B18)
again with f (Σ < Σ0) ≈ 1.
In the opposite limit, where dγ/dΣ → 0 as Σ → ∞, Σ0
increases much more rapidly than Σacc. Equation (B13) may
then be approximated as
dΣacc
dΣ0
≈ dγ
dΣ

Σ0
Σ0. (B19)
This yields a lower bound on Σacc of
Σacc >
1
2
dγ
dΣ

Σ0
Σ20, (B20)
where we have simply used the derivative evaluated at Σ0,
which is the minimum value it takes over the interval from
0 to Σ0.
To derive more than a lower bound we need to know
more about the structure of γ. Under the assumption of
hydrostatic equilibrium,
dP
dr
= −ρg. (B21)
Inserting the ideal gas law we find
d
dr
[
ρT
kB
µ
]
= −ρg, (B22)
where µ is the mean molecular weight. In the outer regions
of the star T , g and µ are approximately constant12 so
d ln ρ
dr
= − µg
kBT
. (B23)
As such we let
h ≡ kBT
µg
(B24)
be the scale height and write
ρ = ρ0 exp(z/h), (B25)
which yields
Σ =
∫ z
−∞
ρdz′ = hρ = hρ0e−z/h . (B26)
Combining this with equations (9) and (B3) we find
dγ
dΣ
=
ÛΣ
ρ2D
=
h2
D
ÛΣ
Σ2
. (B27)
As a result equation (B19) may be written as
dΣacc
dΣ0
=
h2
D
ÛΣ
Σ0
. (B28)
In all of the cases discussed in Section 3, D is a power-law
in Σ of the form
D = D0Σ
β . (B29)
Note that the asymptotic behaviour of dγ/dΣ changes at
β = −2, and below this point the limit in which it diverges
is applicable. Thus taking β > −2 and inserting this into
equation (B28) we find
dΣacc
dΣ0
=
h2
D0
ÛΣΣ−1−β . (B30)
Integrating and using Σacc(Σ0 = 0) = 0 yields
Σacc =
h2 ÛΣΣ−β0
(−β)D0
(B31)
=
h2 ÛΣ
|β |D(Σ0)
, (B32)
12 See Paczyn´ski (1969) for a more detailed discussion of these
approximations.
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so long as β < 0.
The resulting profile for f depends on depth. Assuming
that γ − γ(Σ0)  1 and neglecting eγ(0) as discussed, we find
that
f (Σ) ≈ γ(Σ0) − γ. (B33)
At shallower depths f ≈ 1. Thus we may write
f (Σ) ≈ min (1, γ(Σ0) − γ) . (B34)
In the event that D is a power-law we can evaluate γ to
find
f (Σ) ≈ min
(
1,
h2 ÛΣ
ΣD(Σ) −
h2 ÛΣ
Σ0D(Σ0)
)
, (B35)
where we have let Σ0 → ∞ and dropped multiplicative fac-
tors depending only on β. Note that for −1 < β < 0, γ(Σ0)
and hence (Σ0D(Σ0))−1 vanishes asymptotically and so at
long times we may neglect this term and find the time-
independent result that
f (Σ) ≈ min
(
1,
h2 ÛΣ
ΣD(Σ)
)
. (B36)
For −2 < β ≤ −1, γ(Σ0) grows without bound even though
its derivative asymptotes to zero. In this case there is still
a time-dependence to the profile even at long times. When
β = −1, a case which is both physically relevant and mathe-
matically convenient,
f (Σ, t) ≈ 1 −
(
Σ
Σ0
)h2 ÛΣ/D0
(B37)
and
Σacc =
h2 ÛΣ
D0
Σ0, (B38)
hence
Σ0 =
D0
h2
t. (B39)
Letting
tmix(Σ) ≡ h
2
D0
Σ (B40)
we find
f (Σ, t) ≈ 1 −
(
tmix(Σ)
t
)h2 ÛΣ/D0
, (B41)
which in a series expansion yields
f (Σ, t) ≈ h
2 ÛΣ
D0
ln
t
tmix
=
h2 ÛΣ
D(Σ)Σ ln
t
tmix
. (B42)
This form is valid so long as it yields f < 1, at which
point the appropriate approximation is f = 1. For further
decreases in β the time-dependence becomes stronger, but
in all cases we have considered thus far we find a number
well-approximated by
f (Σ) ≈ min
(
1,
h2 ÛΣ
ΣD(Σ)
)
, (B43)
which is at most wrong by logarithmic factors in time.
The only case not yet considered is β > 0, in which
dγ/dΣ goes to zero rapidly as Σ → ∞. In this limit mate-
rial is brought so rapidly into the star that it is no longer
valid to treat the centre as being infinitely far away from the
surface. That is, the interior boundary condition matters in
this limit. This does not occur in any of the physical cases
considered, and so we need not consider it further.
In all cases note that we have found Σ0 > Σacc, which
must be the case because f ≤ 1 everywhere. As a result, how-
ever, once we have waited a long time relative to the time
required to accrete material corresponding to some depth Σ,
we can be assured that Σ0 exceeds this depth. This justi-
fies our assumption that Σ0 is large relative to photospheric
depths, as even 10−15M yr−1 accreted for 30yr suffices to
produce Σacc well in excess of the typical photospheric depths
of 0.1g cm−2.
Finally, earlier in this section we claimed that the
asymptotic value of γ(Σ0) − γ(0) is, in the cases of interest,
generically large when finite. We now justify this claim. First
suppose that D is a power-law in Σ as in equation (B29).
When β > −1, γ(0) → −∞ while γ(Σ0) → goes to a constant
as Σ0 →∞, so γ(Σ0) − γ(0) → ∞. When β < −1, γ(0) is finite
but γ(Σ0) ∝ Σ−1−β0 →∞, so once more γ(Σ0)−γ(0) → ∞. This
covers all mixing mechanisms we have considered in this pa-
per. Note that even if we regularise the integrals which have
β > −1 13, the regularisation point must be shallower than
the photosphere 14, where the densities are extremely small,
and so γ still ought to vary substantially. As a result we
expect that γ may be taken to have a large dynamic range
between the point at which material enters the system and
the deepest regions.
Suppose though that we are interested in a case where
this argument fails, as there are pathological cases in which
it does, such as the limit of vanishing ÛΣ with a regularised
integral. We would then have γ(0) close to the asymptotic
value of γ(Σ0). Then expanding equation (14) we find
f ≈ γ(Σ0) − γ(Σ)
γ(Σ0) − γ(0)
. (B44)
which is enhanced relative to equation (19) by a factor of
(γ(Σ0) − γ(0))−1. This means that we ought to infer Σ0 be
smaller by the same factor for a fixed accreted mass, and
also means that the profile of f near the surface becomes
independent of ÛΣ, which only enters multiplicatively in γ.
This is physically what happens when the accretion rate is
low and the dynamic diffusivity increases rapidly inwards,
as then material is then whisked away on a timescale which
is much faster than the rate at which it accumulates, so the
diffusivity at the point where it arrives is the limiting factor.
This scenario is somewhat artificial, in that all mechanisms
we have examined lack the regularising cutoff and hence do
not exhibit such behaviour, but it is useful to keep in mind in
the event that such a cutoff becomes physically interesting.
This usually occurs at higher accretion rates, where the ra-
dial velocity is significant, but there could be cases we have
not considered in which it becomes relevant.
13 This would be accomplished by cutting off the integration at
some shallow point, which could be physically motivated if the
accretion has a significant radial component or otherwise mixes
immediately to some non-trivial depth.
14 Otherwise there is no point in the calculation because the ob-
served f will be unity.
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APPENDIX C: QUASI-STEADY STATE
ASSUMPTION
To validate the assumption that mixing processes may be
treated as being in a quasi-steady state (i.e. an instantaneous
equilibrium) we differentiate equations (B17) and (B33) in
time. The former is trivial, and yields zero everywhere except
near Σ0, where the steady-state approximation must break
regardless because this is the location of the diffusion front.
The latter is trivial when f ≈ 1, and yields
df
dt
=
dγ(Σ0)
dt
, (C1)
where we have used the fact that only Σ0 depends on time
to evaluate this derivative. Now
dγ(Σ0)
dt
=
dγ
dΣ

Σ0
dΣ0
dt
(C2)
=
dγ
dΣ

Σ0
dΣ0
dΣacc
dΣacc
dt
(C3)
= ÛΣ dγ
dΣ

Σ0
dΣ0
dΣacc
. (C4)
Inserting equation (B13) we find
dγ(Σ0)
dt
≈
ÛΣ
Σ0 − Σacc
. (C5)
We are working in the limit where dγ/dΣ→ 0, so Σ0  Σacc,
and hence
df
dt
=
dγ(Σ0)
dt
≈
ÛΣ
Σ0
. (C6)
In order to neglect this it must be smaller than the term
dF/dΣ on the right-hand side of equation (4). In other words,
we need the dimensionless ratio
λ ≡ df /dt
dF/dΣ (C7)
to be small. Evaluating this yields
λ =
( ÛΣ
Σ0
) (
dF
dΣ
)−1
(C8)
=
( ÛΣ
Σ0
) (
d
dΣ
[
−ρ2D ∂ f
∂Σ
] )−1
(C9)
≈
( ÛΣ
Σ0
) (
d
dΣ
[
ρ2D
dγ
dΣ
eγ−γ(Σ0)
] )−1
(C10)
=
( ÛΣ
Σ0
) (
d
dΣ
[
ÛΣeγ−γ(Σ0)
] )−1
(C11)
=
( ÛΣ
Σ0
) (
ÛΣ dγ
dΣ
eγ−γ(Σ0)
)−1
(C12)
=
( ÛΣ
Σ0
) ( ÛΣ2
ρ2D
eγ−γ(Σ0)
)−1
(C13)
=
(
ρ2D
ÛΣΣ0
) (
eγ−γ(Σ0)
)−1
. (C14)
Noting that eγ−γ(Σ0) ≈ 1 in this regime, we find
λ ≈ ρ
2D
ÛΣΣ0
(C15)
≈ Σ
2D
h2 ÛΣΣ0
, (C16)
where we have made use of equation (B26) in the last line.
Combining this with equation (B32) we find
λ ≈ |β |−1 Σ
2
ΣaccΣ0
≈ Σ
2
ΣaccΣ0
, (C17)
where we have dropped β because it is of order unity. Thus
λ is small in the regime where
Σ 
√
Σ0Σacc. (C18)
This is as expected: the approximation is a good one cer-
tainly up to Σacc and for much of the region beyond that,
but breaks down as we approach Σ0, which is the location of
the diffusion front.
In summary, the region near the surface of the star is
the one of most interest, and in all cases considered above
we have found that for Σ  Σacc the quasi-steady state ap-
proximation holds as desired.
APPENDIX D: OPACITIES
To determine the opacity of bulk stellar material we used
the OPAL (Iglesias & Rogers 1996) and Ferguson (Fergu-
son et al. 2005) opacity tables for solar composition and
metallicity. This is not quite right when the composition is
different from solar, but because this is only used to deter-
mine the depth of the photosphere it does not contribute
a significant error in the calculations of chemical mixing.
The Ferguson tables are more accurate at low temperatures
while the OPAL ones extend to much higher temperatures,
so we choose the Ferguson opacities where available and the
OPAL ones otherwise.
APPENDIX E: CONVECTIVE DIFFUSIVITY
The convective diffusivity is given by equation (48) as
D ≈ h
(
F?
ρ
)1/3
. (E1)
This may also be written as
D ≈ hcs
(
F?
ρc3s
)1/3
. (E2)
Noting that P ≈ ρc2s we find that
D ≈ hcs
(
F?
Pcs
)1/3
. (E3)
We are interested in the diffusivity at the photosphere, which
is given by equation (57) as
P ≈ gκ−1, (E4)
so
D ≈ hcs
(
F?κ
gcs
)1/3
. (E5)
The sound speed is proportional to T1/2, the scale height to
T/g, and the flux to T4, so neglecting the effects of molecular
weight variations
D ≈ hcs,
(
Fκ
gcs,
)1/3 ( T
T
)8/3 (
g
g
)−4/3 ( κ
κ
)1/3
. (E6)
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Making use of L ∝ M3.5 and R ∝ M (Bo¨hm-Vitense 1992) we
find that T4 ∝ M3/2 and hence T8/3 ∝ M. Similarly we find
that g ∝ M−1, and hence
D ≈ hcs,
(
Fκ
gcs,
)1/3 ( M
M
)7/3 ( κ
κ
)1/3
. (E7)
Using κ ≈ 10cm2/g we find
D ≈ 7 × 1013cm2g−1
(
M
M
)7/3 ( κ
10cm2g−1
)1/3
. (E8)
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